We study the behavior of the degeneration at the second step of the Frölicher spectral sequence of a C ∞ family of compact complex manifolds. Using techniques from deformation theory and adapting them to pseudo-di erential operators we prove a result à la Kodaira-Spencer for the dimension of the second step of the Frölicher spectral sequence and we prove that, under a certain hypothesis, the degeneration at the second step is an open property under small deformations of the complex structure.
Introduction
An important topic in complex geometry is the study of the behavior of certain properties under C ∞ changes, called small deformations, of the complex structure of a compact complex manifold. In one of the most celebrated papers, [10] ,the stability of the Kähler condition has been proved, namely if a compact complex manifold admits a Kähler metric and we change in C ∞ way its complex structure, then on the new complex manifold can be de ned a Kähler metric. Moreover, as a consequence of the upper semi-continuity of the Hodge numbers with respect to the deformation of the complex structure, also the degeneration at the rst step of the Frölicher spectral sequence is stable under small deformation of the complex structure. On the other way, in [1, Corollary 5.12] , it has been proved that the degeneration at the second step of the Frölicher spectral sequence is not stable. In particular in Corollary 4.9 it is proved that there exists a C ∞ family of compact complex manifolds (M, J t ) for which the function t → Dim E p,q (M, J t ) is not upper semi-continuous or lower semi-continuous. In this paper we study the stability under small deformations of the complex structure of the degeneration at the second step of the Frölicher spectral sequence. Spectral sequences are generalizations of exact sequences and they were introduced by Leray in [11] to compute the homology groups of sheaves by taking successive approximations. Given a compact complex manifold (M, J), the Frölicher spectral sequence (E •,• r , dr) is the spectral sequence of the double complex (Λ p,q , ∂, ∂) of C ∞ (p, q)-forms of (M, J) (see [5] ). It provides a link between the Dolbeault and the de Rham cohomology groups. Moreover, it "measures" the failure of results in cohomology theory that are valid for Kähler manifolds (or more generally for manifolds satisfying the ∂∂-Lemma, see [3] ). The degeneration at the second step of the Frölicher spectral sequence has been studied recently in [14] ; the author constructed a pseudo di erential operator∆ whose kernel is isomorphic to E •,• . Since this operator also provides relations between SKT and Gauduchon metrics and super SKT and strongly Gauduchon metrics of (M, J) (see [6] , [13] , [7] and [12] for more information about those metrics) and since, always in [14] , Popovici conjectured a connection between the degeneration at the second step of (E •,• r , dr) and the presence of an SKT metric on (M, J), in the second section we prove some properties of∆. 
and a property of self-adjoint elliptic di erential operators that also holds for∆, namely The paper is organized as follows:
In Section 2 we x notations and we recall basic facts on the Frölicher spectral sequence, di erential operators and Sobolev norms.
In Section 3 we recall the construction of∆ recently made by Popovici in [14] and we give the proof of Theorem 2.
Section 4 is devoted to the proof of Theorem 1. First of all using techniques à la Kodaira [9] , we show Theorem 3 applied to the family of self-adjoint "elliptic" pseudo-di erential operators {∆ t }. Then we use Theorems 2 and 3 to prove Theorem 1.
Preliminaries
Let (M, J) be a compact complex manifold of complex dimension n. The main object of this paper is the
is the spectral sequence associated to the complex (Λ •,• (M), ∂, ∂) and it was rstly de ned in [5] . We recall its construction: let E p,q := Λ p,q (M) and 
r . Since the sequence degenerates at the rst step when M is a Kähler manifold, we can say that it provides a "measure of the non-Kählerianity" of a manifold. In particular we are interested in the degeneration at the second step of (E p,q r , dr). Although the spectral sequence is an algebraic object, we use analytic arguments to prove Theorem 3. This is a classic approach, in fact, for example, the Dolbeault Laplacian can be used to study the Dolbeault cohomology of a compact complex manifold. Since we will use it later on, we recall its de nition: x a Hermitian metric g over M and let * be the Hodge-star operator with respect to g, we recall that the Dolbeault Laplacian ∆ is de ned as
where ∂ * := − * ∂* is the operator adjoint to ∂. It is a standard result that ∆ is an elliptic, self-adjoint and non-negative di erential operator. Moreover ∆ induces the decompositions
For every (p, q), we denote with
Finally, since we need some estimates, we recall the de nition of the Sobolev norm of a (p, q)-form. Let {U j } be a nite covering by coordinate neighborhoods of M, let {x i j } be coordinate over U j and let {η j } be a partition of unity subordinated to
is de ned as
where
is a di erential operator of rank |l|;
• dX j is the Lebesgue measure associated to g and expressed in the local coordinates dx j , ..., dx n j . If ϕ is an r-form over M that, for every U j , can be written locally as
.., lr} = A l and l < ... < lr), then we de ne the k-th Sobolev norm of ϕ as
The new Laplacian∆
In [14] , Popovici introduced a pseudo-di erential operator related to the second step of the Frölicher spectral sequence in the same way the Dolbeault Laplacian is related to the rst step, i.e., the Dolbeault cohomology of the manifold. We recall its construction: let
where, for every (p, q), p : Λ p,q (M) → H p,q is the orthogonal projection and ∂ * := − * ∂* is the adjoint operator of ∂. Then Popovici de ned the pseudo-di erential operator
for every (p, q) ∈ Z .∆ is not a di erential operator, but it is still possible to prove that it satis es properties of elliptic operator. In particular we have 
Moreover,∆ has a compact resolvent which is a pseudo-di erential operator G of order − , the Green operator of∆, hence the spectrum of∆ is discrete and consists of non-negative eigenvalues that tend to +∞.
We recall that the Frölicher spectral sequence of a complex manifold (M, J) is associated with the double complex(Λ p,q (M), ∂, ∂). In particular the second step is constructed as follows: we put, for every p, q ∈ Z , 
The groups E p,q at the second step in the spectral sequence are de ned as the cohomology groups of the
In [14] , Popovici de ned the following two maps
is the space of∆-harmonic (p, q)-forms. Moreover, Popovici proved that the two maps T and S are isomorphisms. So we have that their composition T • S is an isomorphism betweenH
and E p,q , for every (p, q) ∈ Z .
Given the previous results, it is natural to study the behavior of∆ in order to better understand the Frölicher spectral sequence. In particular we want to study this behavior under small deformations of the complex structure, but we need some preliminary results.
First we study some norm estimates for∆. We observe that, given a (p, q)-form ϕ, we have that
where l = Dim C H p− ,q , m = Dim C H p+ ,q and {e In the following we prove that the a priori estimate, proved for example in [9] , still holds for the elliptic pseudodi erential operator with∆.
Theorem 5. For every k ∈ Z there exists a constant C k , depending on k, the constant of ellipticity of∆ and on the coe cients of∆, such that for every ϕ
Proof. We prove the theorem for C ∞ function, then by using (2) the general case of an arbitrary (p, q)-form follows straightforward. Let ϕ be a C ∞ function and let {η j } be a partition of unity subordinated to the nite open covering {U j }. Denoting with ϕ j := η j ϕ, by the de nition (1) we have
Since the sum of the last two terms is a real number, it can be either negative or non-negative. If it is nonnegative, we can simply estimate
By [4] , we have that there exists a constant C k depending only on k, the constant of ellipticity of∆ and on the coe cients of∆, such that
and hence we get the conclusion. If the sum is negative, we proceed in the following way
by Stokes Theorem the second row is equal to
By Remark 1, we have that, for every k ∈ N, the k-th Sobolev norm of ∆ p ϕ can be estimated with the -th norm of the rst derivative of ϕ. In fact, since ϕ is a C ∞ function we have that
Since {e a , } is an orthonormal basis, then, for every a = , . . . , dim H , ∂ (M), there exists a constant C a > such that < e a , , ∂ϕ >≤ C a ∂ϕ . Let C be the supremum of such constant and let
where ϕ is the rst derivative of ϕ and C k = C k C . Thus we have
Summing up we have
Using (4) we obtain
which is equivalent to the thesis with
If k = , we must be more precise in our estimates. In particular, by the de nition of ∆ p and denoting with {e m , } a basis of H , , we have that Proof. [9, p. 338 ] By construction it is obvious that∆−ζId is injective. We want to prove that∆−ζId is surjective.
Let ϕ ∈ C ∞ (M, C), then we can write ϕ = 
Small Deformations
In this section we prove Theorem 1; to do so we use the theory of deformations of complex structures developed by Kodaira and Spencer in [10] . Our approach is similar to the one in [9] for elliptic self-adjoint di erential operators and, when the proof of a statement does not change when we replace a generic di erential operator with∆, we omit that proof.
Let {J t }, with t ∈ B ⊂ C m , be a C ∞ family of complex structures over M and let {ω t } be a C ∞ family of Hermitian metrics on the bers. Suppose that ∈ B. For every t ∈ B, we denote with ∆ t , ∆ p t and∆ t the operators described in the previous section with respect to the complex structure J t .
Proposition 2. If Dim Ker ∆ t is independent of t, then {∆ t } is a C ∞ family of pseudo di erential operators.
t , for some k ∈ N. In either case, using the same argument as above, we have the existence and the continuity of the derivative of the r-th derivative of < ϕ(z, t), ψ(z, t) > t .
Theorem 3. If Dim Ker ∆ t is independent of t, then Dim Ker∆ t is an upper semi-continuous function in t.
In order to prove Theorem 3 we need some preliminary results.
Lemma 1 (Friedrichs' Inequality). For every k ∈ N, there exists a constant C k independent of t such that, for every C ∞ family {ϕ t } with ϕ t ∈ Λ p,q (M, J t ), the inequality
holds.
Proof. By Theorem 5, for every t ∈ B and for every k ∈ N there exists a constant C k,t such that
holds for every ϕ t ∈ Λ p,q (M, J t ). Since {g t } is a continuous family the Sobolev norm varies continuously with respect to t, then, up to shrinking B, we have that C k := sup{C k,t } < ∞. Then we obtain
We will prove (8) by induction over k. For k = , the equations (8) and (9) are the same. Then the thesis holds for k = . Now suppose that thesis holds for k − . By equation (8) at the step k − we have
Since ∆ tq (ζq)ϕq < q then ∆ (ζ )ϕq → .
But by (10) for a suitable µ we have ∆ (ζ )ϕq ≥ µ ϕq .
Hence ϕq → , which contradicts the hypothesis.
Let C be a closed Jordan curve on the complex plane which does not pass through any eigenvalue of∆ . As in [9] , we denote with ((C)) the interior of C. Since, for su cient small t, C does not contain any eigenvalue of∆ t , we can de ne the operator
where λ k (t) are the eigenvalue of∆ t and e k t is the relative eigenvector. We put
Lemma 4. The operator F t (C) can be written as
where G t (ζ ) is the Green operator associated to∆ t (ζ ).
Lemma 5. F t (C)
is C ∞ in t for |t| < δ.
Proof. Since G t (ζ ) is C ∞ in (t, ζ ), it follows that, if ϕ t is C ∞ in t, then, by the de nition above, also F t (C) is
Lemma 6. Dim F t (C) is independent of t for |t| < δ.
Proof. Let d = Dim F (C) and let {e , ..., e d } be a basis for F (C). Since F t (C)er are C ∞ di erentiable in t and F (C)er = er are linearly independent, then F t (C)er are linearly independent for su cient small t. Hence Dim F t ≥ d for su cient small t. Suppose that, for any δ > , there exists t such that |t| < δ and Dim F t (C) > d. Then it is possible to nd a sequence tq such that |tq| < q and Dim This means that λr is an eigenvalue and er an eigenfunction of∆ . Since there are no eigenvalue on C, λr ∈ ((C)). Moreover (er , es) = lim 
